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Abstract
The Bitsadze–Samarskii type nonlocal boundary value problem
−u′′(t) + Au(t) = f (t) (0 t  1), u(0) = ϕ, u(1) = u(λ) + ψ, 0 λ < 1,
in an arbitrary Banach space E with the positive operator A is considered. The well-posedness of this boundary value problem in
the spaces of smooth functions is established. The new exact Schauder’s estimates of solutions of the boundary value problems for
elliptic equations are obtained.
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1. Introduction
The role played by coercive inequalities in the study of local boundary value problems for elliptic differential
equations is well known (see, e.g., [28,39]). Coercivity inequalities in Hölder norms with a weight for the solutions
of an abstract differential equation of elliptic type were established for the first time by P.E. Sobolevskii [34]. Further
in [1–9,11,12,14–16,19,20,24,31,35–38] the coercive inequalities in Hölder norms were obtained for the solutions of
various local and nonlocal boundary value problems for differential and difference equations of elliptic type.
In the present paper we consider the Bitsadze–Samarskii type nonlocal boundary value problem
−u′′(t) + Au(t) = f (t) (0 t  1), u(0) = ϕ, u(1) = u(λ) + ψ, 0 λ < 1, (1.1)
in an arbitrary Banach space with positive operator A. It is known (see, for example [21,27,33]) that various nonlocal
boundary value problems for elliptic equations can be reduced to the boundary value problem (1.1). The simply nonlo-
cal boundary value problem was presented and investigated for the first time by A.V. Bitsadze and A.A. Samarskii [18].
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gated for the various differential and difference equations of elliptic type.
A function u(t) is called a solution of problem (1.1) if the following conditions are satisfied:
(i) u(t) is a twice continuously differentiable function on the segment [0,1]. The derivatives at the endpoints of the
segment are understood as the appropriate unilateral derivatives.
(ii) The element u(t) belongs to D(A) for all t ∈ [0,1], and the function Au(t) is continuous on the segment [0,1].
(iii) u(t) satisfies the equation and boundary conditions (1.1).
A solution of problem (1.1) defined in this manner will from now on be referred to as a solution of problem (1.1)
in the space C(E) = C([0,1],E) of all continuous functions ϕ(t) defined on [0,1] with values in E, equipped with
the norm
‖ϕ‖C(E) = max
0t1
∥∥ϕ(t)∥∥
E
.
The well-posedness in C(E) of the boundary value problem (1.1) means that coercive inequality
‖u′′‖C(E) + ‖Au‖C(E) M
[‖f ‖C(E) + ‖Aϕ‖E + ‖Aψ‖E] (1.2)
is true for its solution u(t) ∈ C(E) with some M , which does not depend on f (t) ∈ C(E), ϕ, and ψ .
It is known that from the coercive inequality (1.2) the positivity of the operator A in the Banach space E follows
under the assumption that the operator has bounded inverse (Iλ + A)−1 for any λ 0, in E and the estimate
∥∥(λI + A)−1∥∥
E→E 
M
1 + λ
holds for some 1M < ∞. It turns out that this positivity property of the operator A in E is a necessary condition
of well-posedness of the boundary value problem (1.1) in C(E).
In this paper ‖B‖E→E denotes the norm of operator B : E → E.
It is known (see, for example [18]) that the operator A1/2 has better spectral properties than the positive operator A.
In particular, the operator λI +A1/2 has a bounded inverse for any complex number λ with Reλ 0, and the estimate
∥∥(λI + A1/2)−1∥∥
E→E M
(|λ| + 1)−1
is true for some M  1. Thus, A1/2 is a strongly positive operator in E, i.e. the following estimates hold:
∥∥e−tA1/2∥∥
E→E Me
−δt , t
∥∥A1/2e−tA1/2∥∥
E→E M, t > 0, δ > 0. (1.3)
From this it follows that
∥∥(A1/2)β(e−tA1/2 − e−(t+τ)A1/2)∥∥
E→E 
Mτα
tα+β
, 0 α,β  1, 0 < t  t + τ  1, (1.4)
∥∥(I ± e−λA1/2)−1∥∥ M(λ), 0 < λ 1. (1.5)
E→E
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
u(t) = (I − e−2B)−1
{(
e−tB − e−(2−t)B)ϕ + (e−(1−t)B − e−(1+t)B)u(1)
− (e−(1−t)B − e−(1+t)B)1
2
B−1
1∫
0
(
e−(1−s)B − e−(1+s)B)f (s) ds
}
+ 1
2
B−1
1∫
0
(
e−|t−s|B − e−(t+s)B)f (s) ds, 0 t  1,
u(1) = (I − e−(1−λ)B)−1(I + e−(1+λ)B)−1
{(
e−λB − e−(2−λ)B)ϕ
− (e−(1−λ)B − e−(1+λ)B)1
2
B−1
1∫
0
(
e−(1−s)B − e−(1+s)B)f (s) ds
+ (I − e−2B)
{
1
2
B−1
1∫
0
(
e−|λ−s|B − e−(λ+s)B)f (s) ds + ψ
}}
(1.6)
gives a solution of problem (1.1) in C(E). Here B = A 12 .
In the paper [5] the well-posedness of an abstract differential equation of elliptic type
−v′′(t) + Av(t) = f (t) (0 t  1), v(0) = v0, v(1) = v1, (1.7)
was established in Cβ,γ01 (E) (0  γ  β, 0 < β < 1)—space obtained by completion of the space of all smooth
E-valued functions ϕ(t) on [0,1] in the norm
‖ϕ‖
C
β,γ
01 (E)
= max
0t1
∥∥ϕ(t)∥∥
E
+ sup
0t<t+τ1
(t + τ)γ (1 − t)γ ‖ϕ(t + τ) − ϕ(t)‖E
τβ
.
Namely:
Theorem 1.1. Let A be the positive operator in a Banach space E and f (t) ∈ Cβ,γ01 (E) (0  γ  β, 0 < β < 1).
Then for the solution v(t) in Cβ,γ01 (E) of the boundary value problem (1.7) the coercive inequalities
‖v′′‖C(Eβ−γ ) M
[∥∥v′′0∥∥Eβ−γ + ∥∥v′′1∥∥Eβ−γ + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
]
,
‖v′′‖
C
β,γ
01 (E)
+ ‖Av‖
C
β,γ
01 (E)
M
[∣∣v′′0 ∣∣β,γ0 + ∣∣v′′1 ∣∣β,γ0 + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
]
hold, where M does not depend on β,γ, v′′0 = Av(0) − f (0), v′′1 = Av(1) − f (1) and f (t). Here, the Banach space
E
β,γ
0 consists of those v ∈ E for which the norm
|w|β,γ0 = max0z1
∥∥e−zBw∥∥
E
+ sup
0z<z+τ1
τ−β(z + τ)γ (1 − z)γ ∥∥(e−(z+τ)B − e−zB)w∥∥
E
is finite and the Banach space Eα = Eα(A 12 ,E) (0 < α < 1) consists of those v ∈ E for which the norm
‖v‖Eα = sup
z>0
z1−α
∥∥A 12 exp{−zA 12 }v∥∥
E
+ ‖v‖E
is finite.
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0 < α < 1). Then for the solution v(t) in Cβ,γ01 (Eα−β) of the boundary value problem (1.7) the coercive inequal-
ity
‖v′′‖
C
β,γ
01 (Eα−β)
+ ‖Av‖
C
β,γ
01 (Eα−β)
+ ‖v′′‖C(Eα−γ ) M
[∥∥v′′0∥∥Eα−γ + ∥∥v′′1∥∥Eα−γ + α−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β)
]
holds, where M does not depend on α, β , γ , v′′0 , v′′1 and f (t). Here, C
β,γ
01 (Eα−β) (0  γ  β, 0 < β < 1)—space
obtained by completion of the space of all smooth Eα−β -valued functions ϕ(t) on [0,1] in the norm
‖ϕ‖
C
β,γ
01 (Eα−β)
= max
0t1
∥∥ϕ(t)∥∥
Eα−β + sup0t<t+τ1
(t + τ)γ (1 − t)γ ‖ϕ(t + τ) − ϕ(t)‖Eα−β
τβ
.
In the present paper the coercive inequalities in Cβ,γ01 (E) (0  γ < β < 1), and C
β,γ
01 (Eα−β) (0  γ  β  α,
0 < α < 1) of the boundary value problem (1.1) are established. The exact Schauder’s estimates in Hölder norms of
solution of the boundary value problems for elliptic equations are obtained.
2. Coercive solvability in Cβ,γ01 (E)
A function u(t) is said to be a solution of problem (1.1) in Cβ,γ01 (E) if it is a solution of this problem in C(E) and
the functions u′′(t) and Au(t) belong to Cβ,γ01 (E). The well-posedness in C
β,γ
01 (E) of the boundary value problem
(1.1) means that coercive inequality
‖u′′‖
C
β,γ
01 (E)
+ ‖Au‖
C
β,γ
01 (E)
M(β,γ )
[‖f ‖
C
β,γ
01 (E)
+ ‖Aϕ‖E′ + ‖Aψ‖E′
]
, E′ ⊂ E, (2.1)
is true for its solution u(t) ∈ Cβ,γ01 (E) with some M(β,γ ), which does not depend on ϕ,ψ ∈ D(A) and f (t) ∈
C
β,γ
01 (E). It is known that the positivity of operator A in the Banach space E follows from the coercive inequality
(2.1). It turns out that this property of operator A in E is a necessary condition for well-posedness of the boundary
value problem (1.1) f (t) ∈ Cβ,γ01 (E). Moreover, we have the following theorem.
Theorem 2.1. Suppose Aϕ − f (0), Aψ − f (1) + f (λ) ∈ Eβ−γ and f (t) ∈ Cβ,γ01 (E) (0  γ < β < 1). If A is the
positive operator in Banach space E, then the boundary value problem (1.1) is well posed in Hölder space Cβ,γ01 (E).
Further, for the solution u(t) in Cβ,γ01 (E) of the boundary value problem coercive inequalities
‖u′′‖C(Eβ−γ ) M
[∥∥Aϕ − f (0)∥∥
Eβ−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eβ−γ + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
]
, (2.2)
‖u′′‖
C
β,γ
01 (E)
+ ‖Au‖
C
β,γ
01 (E)
M
{
(β − γ )−1[∥∥Aϕ − f (0)∥∥
Eβ−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eβ−γ
]
+ (β − γ )−1(1 − β)−1‖f ‖
C
β,γ
01 (E)
} (2.3)
hold, where M does not depend on ϕ,ψ,β, γ and f (t).
Proof. The proof of inequality (2.2) is based on Theorem 1.1 and the estimate∥∥Au(1) − f (1)∥∥
Eβ−γ M
[∥∥Aϕ − f (0)∥∥
Eβ−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eβ−γ + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
]
(2.4)
for the solution of the problem (1.1). First, applying formula (1.6), we can write
Au(1) = (I − e−(1−λ)B)−1(I + e−(1+λ)B)−1
{(
e−λB − e−(2−λ)B)Aϕ + (I − e−2B)Aψ
− (e−(1−λ)B − e−(1+λ)B)
[
1
2
1∫
Be−(1−s)B
(
f (s) − f (1))ds − 1
2
1∫
Be−(1+s)B
(
f (s) − f (0))ds
]
0 0
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[
1
2
1∫
0
Be−(1−s)B ds f (1) − 1
2
1∫
0
Be−(1+s)B ds f (0)
]
+ (I − e−2B)
{
1
2
λ∫
0
Be−(λ−s)B
(
f (s) − f (λ))ds + 1
2
1∫
λ
Be−(s−λ)B
(
f (s) − f (λ))ds
+ 1
2
λ∫
0
Be−(λ−s)B ds f (λ) + 1
2
1∫
λ
Be−(s−λ)B ds f (λ)
− 1
2
B
1∫
0
e−(λ+s)B
(
f (s) − f (0))ds − 1
2
B
1∫
0
e−(λ+s)B dsf (0)
}}
.
Using the identities
λ∫
0
Be−(λ−s)B ds = I − e−λB,
1∫
λ
Be−(s−λ)B ds = I − e−(1−λ)B, 0 λ 1,
we obtain
Au(1) = (I − e−(1−λ)B)−1(I + e−(1+λ)B)−1
{(
e−λB − e−(2−λ)B)Aϕ + (I − e−2B)Aψ
− (e−(1−λ)B − e−(1+λ)B)
[
1
2
1∫
0
Be−(1−s)B
(
f (s) − f (1))ds − 1
2
1∫
0
Be−(1+s)B
(
f (s) − f (0))ds
]
− (e−(1−λ)B − e−(1+λ)B)[1
2
(
I − e−B)f (1) − 1
2
(
e−B − e−2B)f (0)]
+ (I − e−2B)
{
1
2
λ∫
0
Be−(λ−s)B
(
f (s) − f (λ))ds + 1
2
1∫
λ
Be−(s−λ)B
(
f (s) − f (λ))ds
+ 1
2
(
I − e−λB)f (λ) + 1
2
(
I − e−(1−λ)B)f (λ) − 1
2
(
e−λB − e−(1+λ)B)f (0)
− 1
2
B
1∫
0
e−(λ+s)B
(
f (s) − f (0))ds
}}
.
Applying the identities
−1
2
(
I − e−2B)(e−λB − e−(1+λ)B)+ (e−(1−λ)B − e−(1+λ)B)1
2
(
e−B − e−2B)
= −(e−λB − e−(2−λ)B)+ 1
2
e−λB + 1
2
(
e−(1+λ)B − e−(2−λ)B − e−(3−λ)B),
(
I − e−2B)(1
2
(
I − e−λB)+ 1
2
(
I − e−(1−λ)B))
= (I − e−2B)− 1
2
e−λB − 1
2
e−(1−λ)B + 1
2
(
e−(2+λ)B + e−(3−λ)B),
−(e−(1−λ)B − e−(1+λ)B)1
2
(
I − e−B)
= 1e−(1−λ)B + 1(−e−(1+λ)B + e−(2−λ)B − e−(2+λ)B)− (I − e−2B)+ (I − e−(1−λ)B)(I + e−(1+λ)B),
2 2
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Au(1) = (I − e−(1−λ)B)−1(I + e−(1+λ)B)−1
{(
e−λB − e−(2−λ)B)(Aϕ − f (0))
+ (I − e−2B)(Aψ − f (1) + f (λ))+ 1
2
e−(1−λ)B
(
f (1) − f (λ))+ 1
2
e−λB
(
f (0) − f (λ))
+ 1
2
{−e−(1+λ)B + e−(2−λ)B − e−(2+λ)B}f (1) + 1
2
(
e−(2+λ)B + e−(3−λ)B)f (λ)
+ (I − e−(1−λ)B)(I + e−(1+λ)B)f (1) + 1
2
{−e−(2−λ)B − e−(3−λ)B + e−(1+λ)B}f (0)
− (e−(1−λ)B − e−(1+λ)B)
[
1
2
1∫
0
Be−(1−s)B
(
f (s) − f (1))ds − 1
2
1∫
0
Be−(1+s)B
(
f (s) − f (0))ds
]
+ (I − e−2B)
{
1
2
λ∫
0
Be−(λ−s)B
(
f (s) − f (λ))ds + 1
2
1∫
λ
Be−(s−λ)B
(
f (s) − f (λ))ds
− 1
2
B
1∫
0
e−(λ+s)B
(
f (s) − f (0))ds
}}
.
Consequently,
Au(1) − f (1) = (I − e−(1−λ)B)−1(I + e−(1+λ)B)−1
{(
e−λB − e−(2−λ)B)(Aϕ − f (0))
+ (I − e−2B)(Aψ − f (1) + f (λ))+ 1
2
e−(1−λ)B
(
f (1) − f (λ))+ 1
2
e−λB
(
f (0) − f (λ))
+ 1
2
{−e−(1+λ)B + e−(2−λ)B − e−(2+λ)B}f (1) + 1
2
(
e−(2+λ)B + e−(3−λ)B)f (λ)
+ 1
2
{−e−(2−λ)B − e−(3−λ)B + e−(1+λ)B}f (0)
− (e−(1−λ)B − e−(1+λ)B)
[
1
2
1∫
0
Be−(1−s)B
(
f (s) − f (1))ds
− 1
2
1∫
0
Be−(1+s)B
(
f (s) − f (0))ds
]
+ (I − e−2B)
{
1
2
λ∫
0
Be−(λ−s)B
(
f (s) − f (λ))ds + 1
2
1∫
λ
Be−(s−λ)B
(
f (s) − f (λ))ds
− 1
2
B
1∫
0
e−(λ+s)B
(
f (s) − f (0))ds
}}
= (I − e−(1−λ)B)−1(I + e−(1+λ)B)−1(J1 + J2 + J3 + J4 + J5 + J6 + J7), (2.5)
where
J1 =
(
e−λB − e−(2−λ)B)(Aϕ − f (0))+ (I − e−2B)(Aψ − f (1) + f (λ)),
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2
e−λB
(
f (0) − f (λ)),
J3 = 12
{−e−(1+λ)B + e−(2−λ)B − e−(2+λ)B}f (1) + 1
2
(
e−(2+λ)B − e−(3−λ)B)f (λ)
+ 1
2
{−e−(2−λ)B − e−(3−λ)B + e−(1+λ)B}f (0),
J4 =
(
I − e−2B)1
2
λ∫
0
Be−(λ−s)B
(
f (s) − f (λ))ds,
J5 =
(
I − e−2B)1
2
1∫
λ
Be−(s−λ)B
(
f (s) − f (λ))ds,
J6 = −
(
e−(1−λ)B − e−(1+λ)B)1
2
1∫
0
Be−(1−s)B
(
f (s) − f (1))ds,
J7 =
(
e−(2−λ)B − e−(2+λ)B − e−λB)1
2
1∫
0
Be−sB
(
f (s) − f (0))ds.
Using the definition of the spaces Eβ−γ and estimate (1.5), we get∥∥Au(1) − f (1)∥∥
Eβ−γ M(λ)‖J1 + J2 + J3 + J4 + J5 + J6 + J7‖Eβ−γ . (2.6)
Let us estimate Jk for any k = 1, . . . ,7, separately. We start with J1. Using the definition of the spaces Eβ−γ and
estimate (1.3), we get
‖J1‖Eβ−γ M
[∥∥Aϕ − f (0)∥∥
Eβ−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eβ−γ
]
.
Using the definition of the spaces Eβ−γ and Cβ,γ01 (E) and estimate (1.3), we get
z1−(β−γ )
∥∥Be−zBJ2∥∥E
 1
2
[
z1−(β−γ )
∥∥Be−(z+1−λ)B(f (1) − f (λ))∥∥
E
+ z1−(β−γ )∥∥Be−(z+λ)B(f (0) − f (λ))∥∥
E
]
 M
2
[
z1−(β−γ )(1 − λ)β−γ
z + 1 − λ +
z1−(β−γ )λβ−γ
z + λ
]
‖f ‖
C
β,γ
01 (E)
M1‖f ‖Cβ,γ01 (E)
for any z, z > 0. Then
‖J2‖Eβ−γ M1‖f ‖Cβ,γ01 (E).
Using the definition of the spaces Eβ−γ and Cβ,γ01 (E) and estimate (1.3), we get
z1−(β−γ )
∥∥Be−zBJ3∥∥E M[z1−(β−γ ) maxt=0,λ,1
[∥∥Be−(z+1+λ)Bf (t)∥∥
E
+ ∥∥Be−(z+2−λ)Bf (t)∥∥
E
]]
M1
[
z1−(β−γ )
z + 2 − λ +
z1−(β−γ )
z + λ + 1
]
‖f ‖
C
β,γ
01 (E)
 2M1‖f ‖Cβ,γ01 (E)
for any z, z > 0. Then
‖J3‖Eβ−γ M2‖f ‖Cβ,γ01 (E).
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∥∥z1−β+γ Be−zBJ7∥∥E M
1∫
0
z1−β+γ
∥∥B2e−(s+z)B(f (s) − f (0))∥∥
E
ds
M
1∫
0
z1−β+γ sβ−γ ds‖f ‖
C
β,γ
01 (E)
(s + z)2 (2.7)
for all z > 0. If z 1, then using the estimates
z1+γ s1−γ
(z + s)2  1,
zγ s1−γ
z + s  1,
we obtain
z1−β+γ
1∫
0
sβ−γ ds
(s + z)2  z
−β
z∫
0
ds
s1−β
+ z1−β
1∫
z
ds
(z + s)2−β 
1
β(1 − β) .
If z > 1, then
z1−β+γ
1∫
0
sβ−γ ds
(s + z)2  z
−β
1∫
0
ds
s1−β
 1
β
.
Therefore for any z > 0 we have that
z1−β+γ
1∫
0
sβ−γ ds
(s + z)2 
1
β(1 − β) .
From the last estimate and (2.7) it follows that
‖J7‖Eβ−γ Mβ−1(1 − β)−1‖f ‖Cβ,γ01 (E).
In a similar manner we can show that
‖J5‖Eβ−γ Mβ−1(1 − β)−1‖f ‖Cβ,γ01 (E).
Let us estimate J6 in the norm Eβ−γ . Using estimate (1.3), we get
∥∥z1−β+γ Be−λBJ6∥∥E M
1∫
0
z1−β+γ
∥∥B2e−(1−s+z)B(f (s) − f (1))∥∥
E
ds
M
1∫
0
z1−β+γ (1 − s)β−γ ds‖f ‖
C
β,γ
01 (E)
(1 − s + z)2 Mβ
−1(1 − β)−1‖f ‖
C
β,γ
01 (E)
for any z > 0. Therefore
‖J6‖Eβ−γ Mβ−1(1 − β)−1‖f ‖Cβ,γ01 (E).
In a similar manner we can show that
‖J4‖Eβ−γ Mβ−1(1 − β)−1‖f ‖Cβ,γ01 (E).
Combining the estimates for Jk , k = 1, . . . ,7, in Eβ−γ and estimate (2.6), we obtain estimate (2.4).
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‖u′′‖C(Eβ−γ ) M
[∥∥u′′0∥∥Eβ−γ + ∥∥u′′1∥∥Eβ−γ + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
]
.
Since u′′0 = Au(0) − f (0) and u′′1 = Au(1) − f (1), we obviously have
‖u′′‖C(Eβ−γ ) M
[∥∥Aϕ − f (0)∥∥
Eβ−γ +
∥∥Au(1) − f (1)∥∥
Eβ−γ + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
]
. (2.8)
Finally, estimates (2.4) and (2.8) give (2.2).
Now, let us establish the inequality (2.3). Using the definition of the spaces Eβ−γ and Eβ,γ0 and estimate (1.3), we
get
|ϕ|β,γ0 
M
β − γ ‖ϕ‖Eβ−γ . (2.9)
Then, the proof of the inequality (2.3) is based on Theorem 1.1 and on the estimate∣∣Au(1) − f (1)∣∣β,γ0 M[∣∣Aϕ − f (0)∣∣β,γ0 + ∣∣Aψ − f (1) + f (λ)∣∣β,γ0 + β−1(1 − β)−1‖f ‖Cβ,γ01 (E)
] (2.10)
for the solution of the problem (1.1). Using the definition of the spaces Eβ,γ0 and estimate (1.5), we get∣∣Au(1) − f (1)∣∣β,γ0 M(λ)|J1 + J2 + J3 + J4 + J5 + J6 + J7|β,γ0 . (2.11)
Let us estimate Jk for any k = 1, . . . ,7, separately. We start with J1. Using the definition of the spaces Eβ,γ0 and
estimate (1.3), we get
|J1|β,γ0 M
[∣∣Aϕ − f (0)∣∣β,γ0 + ∣∣Aψ − f (1) + f (λ)∣∣β,γ0 ∥∥Aψ − f (1) + f (λ)∥∥Eβ−γ ].
Using the definition of the spaces Eβ,γ0 and C
β,γ
01 (E) and estimate (1.3), we get
(z + τ)γ
τβ
∥∥(e−zB − e−(z+τ)B)J2∥∥E
M (z + τ)
γ
τβ
[ τ∫
0
ds
z + s + 1 − λ
∥∥f (1) − f (λ)∥∥
E
+
τ∫
0
ds
z + s + λ
∥∥f (0) − f (λ)∥∥
E
]
M1
(z + τ)γ
τβ
[ τ∫
0
ds
(z + s + 1 − λ)1−β+γ +
τ∫
0
ds
(z + s + λ)1−β+γ
]
‖f ‖
C
β,γ
01 (E)
 2M1
(z + τ)γ
τβ
τ∫
0
ds
(z + s)1−β+γ ‖f ‖Cβ,γ01 (E).
If z τ , then
(z + τ)γ
τβ
τ∫
0
ds
(z + s)1−β+γ 
(z + τ)γ
τβ
τ
z1−β+γ
 2γ+1−β.
If z τ , then
(z + τ)γ
τβ
τ∫
0
ds
(z + s)1−β+γ 
(z + τ)γ
τβ(β − γ )(z + τ)
β−γ  2
β
β − γ .
Therefore for any z > 0 we have that
(z + τ)γ
τβ
τ∫
ds
(z + s)1−β+γ 
M
β − γ
0
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(z + τ)γ
τβ
∥∥(e−zB − e−(z+τ)B)J3∥∥E  Mβ − γ ‖f ‖Cβ,γ01 (E).
From this it follows that
|J2|β,γ0 
M1
β − γ ‖f ‖Cβ,γ01 (E).
Using the definition of the spaces Eβ,γ0 and C
β,γ
01 (E) and estimate (1.3), we get
(z + τ)γ
τβ
∥∥(e−zB − e−(z+τ)B)J3∥∥E
M (z + τ)
γ
τβ
[ τ∫
0
ds
z + s + 1 + λ +
τ∫
0
ds
z + s + 2 − λ
]
‖f ‖
C
β,γ
01 (E)
M1
(z + τ)γ τ
τβ
[
1
1 + λ +
1
2 − λ
]
‖f ‖
C
β,γ
01 (E)
M(λ)‖f ‖
C
β,γ
01 (E)
for any z, z > 0. Then
|J3|β,γ0 M(λ)‖f ‖Cβ,γ01 (E).
Let us estimate J7 in the norm Eβ,γ0 . Using estimate (1.3), we get
(z + τ)γ
τβ
∥∥(e−zB − e−(z+τ)B)J7∥∥E
M (z + τ)
γ
τβ
τ∫
0
1∫
0
∥∥B2e−(p+s+z)B(f (s) − f (0))∥∥
E
ds dp
M (z + τ)
γ
τβ
τ∫
0
( τ∫
0
sβ−γ ds
(p + s + z)2 +
1∫
τ
sβ−γ ds
(p + s + z)2
)
dp‖f ‖
C
β,γ
01 (E)
(2.12)
for all z > 0. If τ  z, then
(z + τ)γ
τβ
τ∫
0
( τ∫
0
sβ−γ ds
(p + s + z)2 +
1∫
τ
sβ−γ ds
(p + s + z)2
)
dp
 (z + τ)
γ
τβ
τ 2+β−γ
z2
+ (z + τ)
γ
τβ(1 − β + γ )
τ
(z + τ)1−β+γ
 2γ + 1
(1 − β)
τ 1−β
(z + τ)1−β  2
γ + 1
1 − β .
If z τ , then
(z + τ)γ
τβ
τ∫
0
( τ∫
0
sβ−γ ds
(p + s + z)2 +
1∫
τ
sβ−γ ds
(p + s + z)2
)
dp
 (z + τ)
γ
β
(z + τ)β−γ + τ(z + τ)
−1+γ
γ
 2
β
.
τ β − γ τ (1 − β + γ ) (1 − β)(β − γ )
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|J7|β,γ0 M(β − γ )−1(1 − β)−1‖f ‖Cβ,γ01 (E).
In a similar manner we can show that
|J5|β,γ0 M(β − γ )−1(1 − β)−1‖f ‖Cβ,γ01 (E).
Let us estimate J6 in the norm Eβ,γ0 . Using estimate (1.3), we get
(z + τ)γ
τβ
∥∥(e−zB − e−(z+τ)B)J6∥∥E
M (z + τ)
γ
τβ
τ∫
0
1∫
0
∥∥B2e−(p+1−s+z)B(f (s) − f (1))∥∥
E
ds dp
M (z + τ)
γ
τβ
τ∫
0
( τ∫
0
(1 − s)β−γ ds
(p + 1 − s + z)2 +
1∫
τ
(1 − s)β−γ β−γ ds
(p + 1 − s + z)2
)
dp‖f ‖
C
β,γ
01 (E)
for all z > 0. From the last estimate it follows that
|J6|β,γ0 M(β − γ )−1(1 − β)−1‖f ‖Cβ,γ01 (E).
In a similar manner we can show that
|J4|β,γ0 M(β − γ )−1(1 − β)−1‖f ‖Cβ,γ01 (E).
Combining the estimates for Jk , k = 1, . . . ,7, in Eβ,γ0 and estimates (2.11), (2.9), we obtain estimate (2.10). Theo-
rem 2.1 is proved. 
Remark 2.1. Note that the parameter γ can be chosen freely in [0, β), which increases the number of function spaces
in which problem (1.1) is well posed. In particular, it is important that the problem (1.1) is well posed in the Hölder
space without a weight (γ = 0).
3. Coercive solvability in Cβ,γ01 (Eα−β)
Theorem 3.1. Suppose Aϕ−f (0), Aψ −f (1)+f (λ) ∈ Eα−γ and f (t) ∈ Cβ,γ01 (Eα−β) (0 γ  β  α, 0 < α < 1).
If A is the positive operator in Banach space E, then the boundary value problem (1.1) is well posed in Hölder space
C
β,γ
01 (Eα−β). Further, for the solution u(t) in Cβ,γ01 (Eα−β) of the nonlocal boundary value problem (1.1) the coercive
inequality
‖u′′‖
C
β,γ
01 (Eα−β)
+ ‖Au‖
C
β,γ
01 (Eα−β)
+ ‖u′′‖C(Eα−γ )
M
[∥∥Aϕ − f (0)∥∥
Eα−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eα−γ + α−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β)
] (3.1)
holds, where M does not depend on ϕ, ψ , α, β , γ and f (t).
Proof. The proof of this theorem is based on Theorem 1.2 and on the estimates∥∥Au(1) − f (1)∥∥
Eα−γ
M
[∥∥Aϕ − f (0)∥∥
Eα−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eα−γ + α−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β)
] (3.2)
for the solution of the problem (1.1). Using formula (2.5) and the definition of the spaces Eα−γ and estimate (1.5),
we get∥∥Au(1) − f (1)∥∥ M(λ)‖J1 + J2 + J3 + J4 + J5 + J6 + J7‖Eβ−γ . (3.3)Eα−γ
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estimate (1.3), we get
‖J1‖Eα−γ M
[∥∥Aϕ − f (0)∥∥
Eβ−γ +
∥∥Aψ − f (1) + f (λ)∥∥
Eα−γ
]
.
Using the definition of the spaces Eα−γ and Cβ,γ01 (Eα−β) and estimate (1.3), we get
z1−(α−γ )
∥∥Be−zBJ2∥∥E
 1
2
[
z1−(α−γ )
∥∥Be−(z+1−λ)B(f (1) − f (λ))∥∥
E
+ z1−(β−γ )∥∥Be−(z+λ)B(f (0) − f (λ))∥∥
E
]
 M
2
[
z1−(α−γ )(1 − λ)β−γ
(z + 1 − λ)1−α+β +
z1−(α−γ )λβ−γ
(z + λ)1−α+β
]
‖f ‖
C
β,γ
01 (Eα−β)
M1‖f ‖Cβ,γ01 (Eα−β)
for any z, z > 0. Then
‖J2‖Eα−γ M1‖f ‖Cβ,γ01 (Eα−β).
Using the definition of the spaces Eα−γ and Cβ,γ01 (Eα−β) and estimate (1.3), we get
z1−(α−γ )
∥∥Be−zBJ3∥∥E M[z1−(α−γ ) maxt=0,λ,1
[∥∥Be−(z+1+λ)Bf (t)∥∥
E
+ ∥∥Be−(z+2−λ)Bf (t)∥∥
E
]]
M1
[
z1−(α−γ )
(z + 2 − λ)1−α+β +
z1−(α−γ )
(z + 1 + λ)1−α+β
]
‖f ‖
C
β,γ
01 (Eα−β)
 2M1‖f ‖Cβ,γ01 (Eα−β)
for any z, z > 0. Then
‖J3‖Eα−γ M2‖f ‖Cβ,γ01 (Eα−β).
Let us estimate J7 in the norm Eα−γ . Using estimate (1.3), we get
∥∥z1−α+γ Be−zBJ7∥∥E M
1∫
0
z1−α+γ
∥∥B2e−(s+z)B(f (s) − f (0))∥∥
E
ds
M
1∫
0
z1−α+γ sβ−γ ds‖f ‖
C
β,γ
01 (Eα−β)
(s + z)2−α+β (3.4)
for all z > 0. If z 1, then using the estimates
zγ τβ−γ
(z + τ)β  1,
z1+γ τβ−γ
(z + τ)1+β  1,
we obtain
z1−α+γ
1∫
0
τβ−γ dτ
(τ + z)2−α+β  z
−α
z∫
0
dτ
τ 1−α
+ z1−α
1∫
z
dτ
(z + τ)2−α 
1
α(1 − α) .
If z > 1, then
z1−α+γ
1∫
0
τβ−γ dτ
(τ + z)2−α+β  z
−α
1∫
0
dτ
τ 1−α
 1
α
.
Therefore for any z > 0 we have that
z1−α+γ
1∫
τβ−γ dτ
(τ + z)2−α+β 
1
α(1 − α) .0
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‖J7‖Eα−γ Mα−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β)
for all z > 0. If z 1, then using the estimates
z1+γ s1−γ
(z + s)2  1,
zγ s1−γ
z + s  1.
In a similar manner we can show that
‖J5‖Eα−γ Mα−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β).
Let us estimate J6 in the norm Eα−γ . Using estimate (1.3), we get
∥∥z1−α+γ Be−λBJ6∥∥E M
1∫
0
z1−α+γ
∥∥B2e−(1−s+z)B(f (s) − f (1))∥∥
E
ds
M
1∫
0
z1−α+γ (1 − s)β−γ ds‖f ‖
C
β,γ
01 (Eα−β)
(1 − s + z)2−α+β Mα
−1(1 − α)−1‖f ‖
C
β,γ
01 (Eα−β)
for any z > 0. Therefore
‖J6‖Eα−γ Mα−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β).
In a similar manner we can show that
‖J4‖Eα−γ Mα−1(1 − α)−1‖f ‖Cβ,γ01 (Eα−β).
Combining the estimates for Jk , k = 1, . . . ,7 in Eα−γ and estimate (3.3), we obtain estimate (3.2). Theorem 3.1 is
proved. 
Remark 3.1. Note that the spaces of smooth functions Cβ,γ01 (Eα−β), in which coercive solvability has been estab-
lished, depend on the parameters α,β and γ. However, the constants in the coercive inequality (3.1) depend only
on α. Hence, we can choose the parameters β and γ freely, which increases the number of function spaces in which
problem (1.1) is well posed. In particular, Theorem 3.1 implies the well-posedness theorem in C(Eα).
Remark 3.2. Using this approach we can obtain the same results for solutions of the general boundary value problems
−u′′(t) + Au(t) = f (t) (0 t  1), u(0) = ϕ, u(1) =
p∑
i=1
ciu(ti) + ψ,
where 0 t1 < t2 < · · · < tp < 1, if the operator
I − e−2B −
p∑
i=1
ci
(
e−(1−ti )B − e−(1+ti )B)
has a bounded inverse in E.
4. Applications
First, we consider the boundary value problems for two-dimensional elliptic equations⎧⎪⎪⎨
⎪⎪⎩
−∂
2u
∂y2
− a(x)∂
2u
∂x2
+ δu = f (y, x), 0 < y < 1, 0 < x < 1,
u(0, x) = ϕ(x), u(1, x) = u(λ, x) + ψ(x), 0 λ < 1, 0 x  1, (4.1)
u(y,0) = u(y,1), ux(y,0) = ux(y,1), 0 y  1,
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number.
We introduce the Banach spaces Cβ [0,1] (0 < β < 1) of all continuous functions ϕ(x) satisfying a Hölder condi-
tion for which the following norms are finite
‖ϕ‖Cβ [0,1] = ‖ϕ‖C[0,1] + sup
0x<x+τ1
|ϕ(x + τ) − ϕ(x)|
τβ
,
where C[0,1] is the space of all continuous functions ϕ(x) defined on [0,1] with the usual norm
‖ϕ‖C[0,1] = max
0x1
∣∣ϕ(x)∣∣.
It is known (see [10]) that the differential expression
Av = −a(x)v′′(x) + δv(x)
defines a positive operator A acting in Cβ [0,1] with domain Cβ+2[0,1] and satisfying the condition v(0) = v(1),
vx(0) = vx(1).
Therefore, we can replace boundary value problems (4.1) by the abstract boundary value problems (1.1). Using the
results of paper [10] and Theorems 2.1 and 3.1, we have that
Theorem 4.1. For the solution of the boundary value problem (4.1) the following coercive inequalities are valid:
‖u‖
C
2+β,γ
01 (C
μ[0,1]) + ‖u‖Cβ,γ01 (C2+μ[0,1])
 M(μ,γ )
(β − γ )(1 − β)‖f ‖Cβ,γ01 (Cμ[0,1]) +
M(μ,γ )
(β − γ )
∥∥∥∥−a(·)∂2ϕ(·)∂x2 + δϕ(·) − f (0, ·)
∥∥∥∥
Cμ+2(β−γ )[0,1]
+ M(μ,γ )
(β − γ )
∥∥∥∥−a(·)∂2ψ(·)∂x2 + δψ(·) − f (1, ·) + f (λ, ·)
∥∥∥∥
Cμ+2(β−γ )[0,1]
,
0 γ < β < 1, 0 μ + 2(β − γ ) 1,
‖u‖
C
2+β,γ
01 (C
2(α−β)[0,1]) + ‖u‖Cβ,γ01 (C2+2(α−β)[0,1])
 M(μ,γ,β)
α(1 − α) ‖f ‖Cβ,γ01 (C2(α−β)[0,1]) +
M(μ,γ,β)
α
∥∥∥∥−a(·)∂2ϕ(·)∂x2 + δϕ(·) − f (0, ·)
∥∥∥∥
Cμ+2(α−γ )[0,1]
+ M(μ,γ,β)
α
∥∥∥∥−a(·)∂2ψ(·)∂x2 + δψ(·) − f (1, ·) + f (λ, ·)
∥∥∥∥
Cμ+2(α−γ )[0,1]
,
0 γ  β  α, 0 < α − β < 1
2
.
Here M(μ,γ ) and M(μ,γ,β) are independent of α, ϕ(x), ψ(x) and f (y, x).
Second, let Ω be the unit open cube in the n-dimensional Euclidean space Rn (0 < xk < 1, 1  k  n) with
boundary S, Ω = Ω ∪ S. In [0,1] × Ω we consider the mixed boundary value problem for the multidimensional
elliptic equation⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
−∂
2u(y, x)
∂y2
−
n∑
r=1
αr(x)
∂2u(y, x)
∂x2r
+ δu(y, x) = f (y, x), x = (x1, . . . , xn) ∈ Ω, 0 < y < 1,
u(0, x) = 0, u(1, x) = u(λ, x), 0 λ < 1,
f (0, x) = 0, f (1, x) = f (λ, x), x ∈ Ω,
u(y, x) = 0, x ∈ S,
(4.2)
where αr(x) (x ∈ Ω) and f (y, x) (y ∈ (0,1), x ∈ Ω) are given smooth functions and αr(x) 0, δ > 0 is a sufficiently
large number.
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tions satisfying Hölder condition with the indicator β = (β1, . . . , βn), βk ∈ (0,1), 1  k  n, and with weight
x
βk
k (1 − xk − hk)βk , 0 xk < xk + hk  1, 1 k  n, equipped with the norm
‖f ‖
C
β
01(Ω)
= ‖f ‖C(Ω)
+ sup
x∈Ω,
0xk<xk+hk1, 1kn
∣∣f (x1, . . . , xn) − f (x1 + h1, . . . , xn + hn)∣∣ n∏
k=1
h
−βk
k x
βk
k (1 − xk − hk)βk ,
where C(Ω) is the space of all continuous functions defined on Ω , equipped with the norm
‖f ‖C(Ω) = max
x∈Ω
∣∣f (x)∣∣.
It is known (see [35]) that the differential expression
Av = −
n∑
r=1
αr(x)
∂2v(y, x)
∂x2
+ δv(y, x)
defines a positive operator A acting on Cβ01(Ω) with domain D(A) ⊂ C2+β01 (Ω) and satisfying the condition v = 0
on S.
Therefore, we can replace boundary value problems (4.2) by the abstract boundary value problems (1.1). Using the
results of paper [34] and Theorem 2.1, we have that
Theorem 4.2. For the solution of the boundary value problem (4.2) the following coercive inequality is valid
‖u‖
C
2+β,γ
01 (C
μ
01(Ω))
+
n∑
r=1
∥∥∥∥∂2u∂x2r
∥∥∥∥
C
β,γ
01 (C
μ
01(Ω))
 M(μ,γ )
(β − γ )(1 − β)‖f ‖Cβ,γ01 (Cμ01(Ω)),
0 γ < β < 1, μ = {μ1, . . . ,μn}, 0 < μk < 1, 1 k  n,
where M(μ,γ ) is independent of β and f (y, x).
Third, we consider the boundary value problem on the range {0 y  1, x ∈ Rn} for 2m-order multidimensional
elliptic equations⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−∂
2u
∂y2
+
∑
|r|=2m
ar(x)
∂ |τ |u
∂x
r1
1 . . . ∂x
rn
n
+ δu(y, x) = f (y, x),
0 < y < 1, x, r ∈Rn, |r| = r1 + · · · + rn,
u(0, x) = ϕ(x), u(1, x) = u(λ, x) + ψ(x), 0 λ < 1, x ∈Rn,
(4.3)
where ar(x) and f (y, x) are given sufficiently smooth functions and δ > 0 is the sufficiently large number.
We will assume that the symbol
Bx(ξ) =
∑
|r|=2m
ar(x)(iξ1)
r1 . . . (iξn)
rn, ξ = (ξ1, . . . , ξn) ∈ Rn,
of the differential operator of the form
Bx =
∑
|r|=2m
ar(x)
∂ |r|
∂x
r1
1 . . . ∂x
rn
n
(4.4)
acting on functions defined on the space Rn, satisfies the inequalities
0 < M1|ξ |2m  (−1)mBx(ξ)M2|ξ |2m < ∞
for ξ 	= 0. The problem (4.3) has a unique smooth solution. This allows us to reduce the boundary value problem (4.3)
to the boundary value problem (1.1) in a Banach space E = Cμ(Rn) of all continuous bounded functions defined
572 A. Ashyralyev / J. Math. Anal. Appl. 344 (2008) 557–573on Rn satisfying Hölder condition with the indicator μ ∈ (0,1) with a strongly positive operator Ax = Bx + δI
defined by (4.4).
Theorem 4.3. For the solution of the boundary value problem (4.3) the following coercivity inequalities are satisfied
‖u‖
C
2+β,γ
0T (C
μ(Rn))
+
∑
|τ |=2m
∥∥∥∥ ∂ |r|u∂xr11 . . . ∂xrnn
∥∥∥∥
C
β,γ
0T (C
μ(Rn))
 M(μ)
(β − γ )(1 − β)‖f ‖Cβ,γ0T (Cμ(Rn)) + M(μ)
( ∑
|τ |=2m
∥∥∥∥ ∂ |r|ϕ∂xr11 . . . ∂xrnn
∥∥∥∥
Cμ(Rn)
+
∑
|τ |=2m
‖ ∂
|r|ψ
∂x
r1
1 . . . ∂x
rn
n
‖Cμ(Rn)
)
,
0 γ < β < 1, 0 < μ < 1,
‖u‖
C
2+β,γ
0T (C
2m(α−β)(Rn)) +
∑
|τ |=2m
∥∥∥∥ ∂ |r|u∂xr11 . . . ∂xrnn
∥∥∥∥
C
β,γ
0T (C
2m(α−β)(Rn))
M(α,β)‖f ‖
C
β,γ
0T (C
2m(α−β)(Rn)) + M(μ)
( ∑
|τ |=2m
∥∥∥∥ ∂ |r|ϕ∂xr11 . . . ∂xrnn
∥∥∥∥
Cμ(Rn)
+
∑
|τ |=2m
∥∥∥∥ ∂ |r|ψ∂xr11 . . . ∂xrnn
∥∥∥∥
Cμ(Rn)
)
,
0 γ  β, 0 < 2m(α − β) < 1,
where M(μ) and M(α,β) do not depend on γ , f (y, x), ϕ(x), and ψ(x).
The proof of Theorem 4.3 is based on the abstract Theorems 2.1 and 3.1, the positivity of the operator Ax in
Cμ(Rn), the structure of the fractional spaces Eα((Ax)
1
2 ,C(Rn)) and the coercivity inequality for an elliptic operator
Ax in Cμ(Rn) (see [6,13]).
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